
 

Theorems of Wigner and Stone 

Eugene Wigner [12] [45, p. 71] proved that all operations in quantum mechanics 

corresponding to symmetries must be either unitary 𝑈 (e.g., rotations, translations, 

reflections) or anti-unitary 𝑈𝐾 (e.g., time-reversal), where 𝐾 denotes complex 

conjugation and that these preserve probabilities. Therefore, the new states after a 

symmetry operation will obey the same laws of nature as the original states. The 

symmetry of time-translation corresponds to unitary time-evolution. Wigner’s 

Theorem allows us to speak as if the pure states |𝜓⟩ of quantum mechanics live in 

Hilbert space. Technically, it is the entire set {𝑒𝑖𝛼|𝜓⟩} (called a ray) for all real phases 

 that describes one physical state since the phases do not affect probabilities or 

expectation values. However, Wigner’s result means that all mappings between rays 

that preserve probabilities can be accomplished by either unitary or anti-unitary 

mappings between vectors in Hilbert space. That most of the physically significant 

transformations in quantum mechanics are unitary is due to Wigner’s theorem. 

A particular system and its interactions will determine the specific form for 𝑈. This 

can often be facilitated by Stone’s Theorem [11] [37, p. 264] which implies that for 

every (strongly continuous) unitary operator 𝑈, there is a Hermitian operator 𝐻 (so 

that 𝐻 = 𝐻†), called the Hamiltonian, such that 

 
𝑈(𝑡) = exp(−𝑖𝐻𝑡/ℏ). (2.22) 

The Hamiltonian represents the energies of the system and its interactions and the 

unitary evolution is determined by these energies. This implements the time-

translation invariance symmetry of Wigner’s theorem—the laws of nature do not 

depend on how our clocks are set. Operating with the unitary operator of Equation 

(2.22) simply shifts the time (Exercise 2.1) 

 𝑈(𝜏)|𝜓(𝑡)⟩ = |𝜓(𝑡 + 𝜏)⟩. (2.23) 

The time translation symmetry corresponds to conservation of energy, since 

𝑈𝐻𝑈† = 𝐻. Similarly, if the laws of nature are independent of a shift in spatial 

translation (i.e. where we mark the origin of our coordinate system), there must exist 

an equivalent unitary operation. This corresponds to conservation of linear 

momentum, with the spatial translation unitary operator given by 

 
𝑈𝑃(�̅�) = exp(−𝑖�̅� ∙ �̅�), (2.24) 

and which shifts the spatial location according to (Exercise 2.1): 

 
𝑈𝑃(�̅�)|𝜓(�̅�, 𝑡)⟩ = |𝜓(�̅� + �̅�, 𝑡)⟩. (2.25) 

For each symmetry, there is a unitary operator to generate the corresponding 

transformation in terms of the complementary canonical coordinate [45, p. 69]. 

Symmetries can be continuous (rotations, translations) or discrete (time reversal, 

space-inversion or parity). The unitary operators for continuous symmetries differ 



 

infinitesimally from the identity by a Hermitian operator 𝐺 called the generator of the 

corresponding symmetry 

 

𝑈 = 𝐼 − 𝑖
휀

ℏ
𝐺 + 𝑂(휀2). (2.26) 

If the symmetry is conserved by the time evolution so that 𝑈𝐻𝑈† = 𝐻, then we can 

conclude from Equation (2.26) that: 

 
[𝐺, 𝐻] = 0 (2.27) 

where the commutator is given by [𝐺, 𝐻] ≡ 𝐺𝐻 − 𝐻𝐺. Therefore, conservation laws 

can be related to commutation relations of the Hamiltonian (Exercise 2.5). 

In the Heisenberg representation, the time-dependence is unitarily transferred from 

the Schrödinger representation wave function |𝜓(𝑡)⟩ to the operators of the problem 

such as G, which obeys 

 
𝑑𝐺

𝑑𝑡
= −

𝑖

ℏ
[𝐺, 𝐻]. (2.28) 

If G is a constant of the motion, then we can conclude from Equations (2.27) and 

(2.28) that 𝑑𝐺/𝑑𝑡 = 0. For example, if H is invariant under spatial translation, then 

[𝑃, 𝐻] = 0 and, therefore, the momentum 𝑃 is a constant of the motion, 𝑑𝑃/𝑑𝑡 = 0. 

  


	1 Wave Particle Duality and Schrödinger’s Cat
	Wave Properties of Light
	Introduction
	Photoelectric Effect
	Einstein’s Ghost Field

	Wave Particle Duality
	Schrödinger’s Equation
	Born’s Rule
	Matter versus Light
	Heisenberg’s Uncertainty Relationships

	Bohr and Complementarity
	Schrödinger’s Cat

	2 Characteristics of Unitary Evolution
	Introduction
	Interference
	Reversibility
	Entanglement
	Entanglement via Mirror Recoil

	Schrödinger’s Cat Without Limits
	Mona Lisa

	Evolution in the Eigenstate Basis
	Unitary Interference Operations
	Mathematics of Quantum Entanglement
	Theorems of Wigner and Stone
	Quantum Evolution with Subsystem Interactions
	Entropy of Quantum States
	Subsystem Entropies and the Araki-Lieb Inequality
	Two Polarization-Entangled Photons
	Information Flow in Entangled Composite Systems
	Entanglement by SPDC

	Exercises

	3 Interpretation or Existence of a Non-Unitary Process
	Introduction
	Hamiltonian Description
	Assumptions
	Hypothesis Tests
	Bell’s Inequality
	Schmidt Decomposition
	Geometry of Entanglement
	Geometry of the Measurement Problem
	Specification of Operations
	Specific Device-Particle Modeling

	Interpretation or Existence
	Extension to Mixed States
	Partial Density Matrices
	Specific Device-Particle Modeling

	Entanglement in the Measurement Problem
	Exercises

	4 Discerning Approaches
	The Incompleteness of Quantum Mechanics
	Definition of the Measurement Problem
	Requirements on Solutions
	Resolution of the Quantum Measurement Problem
	Philosophy and the Measurement Problem
	What a Solution to the Measurement Problem is Not
	Assume Measurement has Occurred
	Necessary and Sufficient Conditions for Measurement
	For All Practical Purposes, FAPP

	External Orthogonalization
	Interpretations of Quantum Mechanics
	Copenhagen Interpretation
	Rosenfeld’s Solution
	External Orthogonalization and Rosenfeld
	External Orthogonalization and UMDT

	Environmental Decoherence
	Decoherence by Stipulation

	Church of the Higher Hilbert Space
	Schrödinger Unitary
	Non-Schrödinger Unitary

	Consistent Histories
	Many-Worlds Interpretation
	Everett’s MWI and Born’s Rule
	Analysis of MWI with UMDT
	Decoherence

	Bohm’s Theory
	Master Equations for Deterministic Evolution
	Superdeterminism
	Transactional Interpretation
	Other Interpretations
	Humpty Dumpty
	Macroscopic Interaction
	Quantum-Bayesian or QBism


	Properties and their Relation to Measurement
	Quantum Jumps
	Discerning Quantum Jumps

	Wave Function Reduction
	Discerning Wave Function Reduction

	Nondeterminism
	Discerning Nondeterminism

	Irreversibility and Entropy
	Discerning Irreversibility and Entropy

	Amplification
	Discerning Amplification

	Localization
	Discerning Localization

	Loss of Coherence
	Discerning Loss of Coherence

	Particle Absorption
	Discerning Particle Absorption

	The Zeno Effect
	Discerning the Zeno Effect

	Summary

	Physical Measurement Theories
	Consciousness
	Sufficiency of Consciousness
	The Contrapositive
	Threshold vs. Non-Threshold Theory
	Mind-Body Dualism

	Ghirardi, Rimini, and Weber (GRW)
	GRW as a POVM
	Born Rule
	Criticisms of GRW
	Violation of Energy and Momentum Conservation Laws
	No-Tail Energy Conservation Problems
	Causality and Hegerfeldt’s Theorem
	Tail problems
	Complete Reversibility

	Validating GRW

	Stochastic Differential Equations
	State Reduction

	Master Equations for Nondeterministic Evolution
	Continuous Spontaneous Localization (CSL)
	Criticisms of CSL

	Mass Threshold Theory
	Gravitationally Induced Collapse
	Quantum Mechanics with Fields

	Charge Threshold Theory
	Impossibility of Detecting Coherence

	Philosophers and the Measurement Problem
	Proof by Pejorative
	Summary

	Appendix 4.A
	Exercises

	5 Historical Perspective
	Introduction
	Measure for Measure
	Dividing the World
	Back-Action from the World
	Complementarity in the World

	The Rise of Classicality
	The Clockwork Universe
	Laplace’s Demon
	Backstory to Atomism
	Atomism versus Continuum
	Atomism Prevails
	Einstein’s Space-Time

	The Fall of Classicality
	Irreversibility versus Demon
	Is Irreversibility Intrinsic?
	Demon versus Photon
	Backstory to Wave-Particle Duality
	Planck’s Fortunate Guess
	Bohr’s Correspondence Principle
	Born’s Statistical Interpretation
	Einstein’s Quandary
	Einstein’s Ghost Field
	Bohr-Einstein Debates Begin
	BKS Showdown over Quanta
	Measure and Meaning
	Whole Photon or Nothing
	Exact Conservation with Whole Photon or Nothing

	The Rise of the Measurement Problem
	The Characteristic Trait
	Johnny Goes to Göttingen
	Einstein und Bohr Verschränkten

	Free Will, Consciousness, and Soul
	Clockwork versus Free Will
	Consciousness and Free Will
	Search for the Soul, Mind and Consciousness

	Scientific Methodology
	Deductive versus Inductive Thought
	Radical Conservatism
	Bohr’s Atomic Model
	Backstory to Deductive Thought
	The World as a Collection of Facts
	Newton’s Hypotheses Non Fingo
	Deductive Reasoning Prevails
	Red Flags for Deduction

	From EPR to the Present
	The Quantum Triumvirate
	Quantum Demons
	Alone in a Dark Wood


	Appendix 5.A
	Details from The Fall of Classicality
	Issues in Bohr’s Complementarity
	Details from The Quantum Triumvirate
	Kraus Operators
	Quantum Trajectories and Jumps

	6 Scientific Approach
	Nexus of Knowledge
	Methodology of Deduction
	Summary
	Personality Traits
	The Backlash of Society
	Exercises

	7 Closed and Open System Approaches
	Schrödinger’s Equation
	Nonlinear Wave Function Theory
	Non-Linear Wave Function, Linear Density Operator Evolution
	Completely Positive Maps
	Theory and Classification of Measurement Operations
	Sharp Measurement
	Informationally Complete Measurement
	Repeatable Measurement
	Minimally Disturbing Measurement
	Back-Action Evading Measurement
	Non-Disturbing Measurement
	Non-Demolition Measurement
	Indirect Measurement
	Weak Measurement
	Protective Measurement
	Non-Local Measurement


	Closed System Approaches
	Considerations in Closed Systems

	Open System Approaches
	Considerations in Open Systems

	Exercises

	8 Conclusions
	Current Situation
	Future Work
	Summary

	9  Abbreviations
	10 Bibliography

