Specific Device-Particle Modeling

In Equation (3.1), a general class of Hamiltonians was considered for which a UMDT
can be defined. Now, a specific Hamiltonian model of device-particle is considered
both to illustrate how to apply these operations and also to understand how these
operations address Hypothesis Tests 3.1 and 3.2.

Given that a single photon has impinged on the two devices as in Figure 3.4
assuming the Step 1 Schroédinger unitary evolution in Hypothesis H,, is common in
both Hypothesis Tests 3.1 and 3.2, the state will evolve to Equation (3.9). Step 2 is to
apply the local unitary X to Device 1 and Y to Device 2 that swaps the unitarily
predicted entanglement between System 1’ and System 2’, into entanglement between
the two ancilla qubits A, and A4,. Step 3 is to conduct a Bell measurement on these
two qubits.
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Figure 3.15: Step 3: Bell measurement on Ancilla Qubits.

Consider first a model for which each device is composed of two spin % particles
with states that lie in a 4-dimensional Hilbert space. The relevant electromagnetic field
in Figure 3.4 can be specified by the B and C photon modes and the two polarization
modes for which the states lie in a 4-dimensional Hilbert space.

The Hamiltonian then is given by,

H=Hy 1, QL +LOH I, +1, ® 1, ® Hy + Hipt (3.14)

where I; is the j by j identity matrix. Denote the spin %2 operators in terms of the Pauli
matrices and raising and lowering operators as


http://theqmp.com/wp-content/uploads/Ch3/Ch3HamDes.pdf
http://theqmp.com/wp-content/uploads/Ch3/Ch3HT.pdf#page=2
http://theqmp.com/wp-content/uploads/Ch3/Ch3GMP.pdf#page=3
http://theqmp.com/wp-content/uploads/Ch3/Ch3HT.pdf#page=2

=330 )9 =3m =300 )s=z=36 1)

_(0 0 _(0 1

S+ = (1 0)'5— - (o o)'

We consider a two-spin Heisenberg model for the Hamiltonian of each device
Hi =0y, @I, + ;I ® 0, +]5iSx ®Sx+],,5, &S,

+]z,iSz ® Sz-
Note that interactions between the particles composing each device have been
included via {J,.;, Jy,,Jz,:}- The relevant electromagnetic field free Hamiltonian is
given by

(3.15)

Hr=wagtay @ L + wl, ® actac,

where agT (ap) is an operator that creates (annihilates) a photon of vertical
polarization in the B Port of the beam splitter shown in Figure 3.4 and aT(a.) creates
(annihilates) a photon of horizontal polarization in the C Port of the beam splitter. The
cases of a horizontally polarized photon in the B output port or vertical polarized
photon in the C Port can be included if desired; however, as the input to the beam
splitter in the Z Port of Figure 3.1 is assumed to be the vacuum state, such states
cannot occur via Schrédinger’s equation.

Consider the following field-particle interaction model,

HF,1=C1(QB®12 ®S+®12®14+aBT®Iz RS_ QLK)
Hpz = (b ®a QLS. QL+, ®aT®LAOS-Q®I,)

for which H;,,, = Hr; + Hr,. These interaction terms have the effect of interacting
the photon mode that impinges on a device with the first of the two spin particles that
compose the device. However, as the two spins that compose that device can
themselves interact via the coefficients {]x,i:]y,ir]z,i} in Equation (3.15) a photon that

impinges on a device can affect both particles.
Let the initial state of the ancillae, EM field, Device 1, Device 2 be

[¥init) = Val0)a, ® [1y)p ® 7)1 & [0)4, ® [0)c ® [Y7).
+V1—a|0)sy, @ [0y)s ® W) ® [0}4, @ |1u)c (3.16)
® [P7P).

where |2); € H; , i=1,2, D(H;) = 2,

o =) =)
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Consider the initial device states of [1p2); = |0) ® |0), [¥2), = |0) ® |1). The
Schrddinger unitary evolution operator to be applied to |Y;,it) IS given by

Uy =e™M=10W)RURYV).

For a fixed Schrédinger unitary evolution time t = ., the initial state is evolved in
Step 110 [Yfin1) = U(Te)[Pinit) OF

[¥hin1) =Val0)a, ® lef)y ® [0)4, ® |fi)y +V1—al0)y, ® [e3)y ® [0)g,
® |f21)2’-

The operators T;and T, of Step 2 are used to transfer the entanglement between
Systems 1’ and 2’ to entanglement between the two ancilla qubits:

Ty = (1), ® let)) ({014, ® v (eil) + (10}, ® le1)y)({O0]a, ® 1 (ez])
Ty = (11)a, ® 1f2)2)(0laz 2 {f2D) = (10)a, ® 1f2)2) ({04, ® 2 (i D.

The vectors |el)y, |f1)y, i = 1,2 can be computed from Equation (3.8) and for this
model are:

let)y =WIly)s @ 10) @ [0), lez)y = W|0y)5 @ [0) ® |0)
IfiY2r =V 0u)e ®10) ®10), If)2r =V [1y)c ®10) ® |0).

Upon extending T; and T, to unitary matrices via the procedure previously shown, i.e.,
adding orthogonal rows to complete the basis, we arrive at X and Y. Applying the
unitary X @ Y to |y, ) will transfer the state in the two ancilla qubits to become
entangled at the expense of the loss of entanglement between Systems 1’ and 2’.

In Step 3, a Bell experiment is performed on the two ancilla qubits. Steps 1 and 2
were simulated for t = .4 using the Hamiltonian parameters w = 2,

{01,011 )y 021} = £5.2,.1,.3,.5} and {01, 255 Jr 2.y, )22} =
{.3,.4,.7,.2,.6}. Two initial device states were chosen as |2); = |0) ® |0), [¥L), =
[0) ® |1). Results of the Bell experiment are given in terms of the CHSH sum in
Figure 3.16 for both the Step 1 Schrédinger unitary prediction for t=.4 and under an
assumption that the photon takes a definite path via either the B or C Port. One sees
that the CHSH sum is always greater than the case of a known photon path, for any
initial superposition of the photon. Furthermore, the CHSH sum is the same
independent of the initial state, the time of the unitary evolution, the number of
particles composing the devices, the interactions within the device, the interactions
between the photon and particles composing the device. In short, the argument given
is rigorous.

Since the entanglement has been transferred to the two ancilla qubits, the unitary
prediction can also be calculated analytically using a two-qubit version of the CHSH
inequality [102]
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S=|C(ab)+C(ab)+C(ab)—-C

(a,b)| <2,

(3.17)

where a, ¢ and b, b are the two-valued variables (+1) for the first and second qubits
respectively. Quantum mechanically, the correlation between a and b is given in terms
of the system density matrix p and the Hermitian operators @ and b corresponding to a

and b:

C(a,b) = Tr(p(&@B))

CHSH Sum
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Known photon path
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Figure 3.16: CHSH Sum versus degree of photon superposition,
Unitary CHSH sum is 2v2 at a = .5 whereas for known photon
path of either 1), ® |°), or [¥°); & |P!), the CHSH sum is

0.7 0.8

/2 as seen in the dotted curve, independent of a.

0.9

(3.18)

The two-qubit measurement settings corresponding to the polarization measurement
settings of Equation (3.3) can be shown to be given by

a = gy, a=o,

O,+0y B __ 0,—0x

b =

Using the entangled pure state

z T

[1) = Val0o) + VI —al11),

(3.19)
(3.20)

(3.21)
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the CHSH sum for the two ancillary qubits is found from the above equations to be

S =21+ 2y/a(1 — a)). (3.22)

As expected, Equation (3.22) is the same as the simulation of the unitary prediction in
Figure 3.16. The entanglement between two qubits can be quantified in terms of
Wootters’ concurrence [103] which, for the pure state of Equation (3.21) is given by

C=2Ja(1-a) (3.23)
so that the CHSH sum can be rewritten as
S=+2(1+ Q). (3.24)
The CHSH sum for the known photon path is
Ser = V2. (3.25)

Therefore, at this measurement setting, the fractional difference between the unitary
and known photon path CHSH sums is exactly given by the entanglement of the state
in the form of the concurrence

ba _ (3.26)

Sci

The CHSH sum in Equation (3.24) also results using a mixed state p with the same
concurrence C(p) = 24/a(1 — a). This can be seen from the result [103] that a mixed
state of two qubits can be decomposed into a convex sum of pure states, all with
concurrence equal to the concurrence of the mixed state

p= clwiwil (3.27)

with ); ¢; = 1. Since each |y;) is unitarily equivalent to a Schmidt decomposition of
the form of Equation (3.21), the properties of the trace in Equation (3.18) imply that
the mixed state CHSH sum is identical to that of the pure state result in Equation
(3.24) at this measurement setting

S, =V2(1+€(p)) =VZ(1+ 2/al = a)). (3.28)
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