
 

 

Completely Positive Maps 

Consider a Hilbert space ℋ𝐴 and a linear map ℰ(𝜚) where 𝜚 is a density operator on 

ℋ𝐴. If ℰ(𝜚) is positive for all density matrices 𝜚, then ℰ is defined as a positive map.  

Suppose a density matrix 𝜌𝐴𝐵 of a bipartite system 𝐴, 𝐵 with Hilbert space 

ℋ𝐴 ⨂ ℋ𝐵 is acted upon locally on 𝐴, i.e. via an operation �̂�𝐴𝐵 = (ℰ⨂𝐼)𝜌𝐴𝐵. A 

positive map ℰ defined on ℋ𝐴 is a completely positive (CP) map for which �̂�𝐴𝐵 is also 

positive on ℋ𝐴 ⨂ ℋ𝐵 for all 𝜌𝐴𝐵. A trace preserving linear map has a Kraus sum-

operator representation if and only if it is completely positive (CP). If a trace 

preserving linear map ℰ(𝜚) is also completely positive, then ℰ is a quantum channel.  

Note that when the initial state is a tensor product 𝜌𝐴𝐵 = 𝜚𝐴⨂𝜚𝐵, it is seen that 

(ℰ⨂ 𝐼)𝜌𝐴𝐵 = ℰ(𝜚𝐴)⨂𝜚𝐵 is always positive since ℰ(𝜚𝐴) is positive. Additionally, if 

one considers a unitary operation 𝑈𝜌𝐴𝐵𝑈′, it is found that if one restricts initial states 

to be tensor product initial states, such restricted initial state maps also have a Kraus 

representation for the reduced dynamics corresponding to Markovian dynamics. One 

might also consider initially correlated states. In the presence of initial correlations, 

such a map may not exist and the dynamics may not be Markovian. However, state 

dependent Kraus operators always can be found as a function of the initial condition 

and the unitary evolution operator [649]. Further issues of non-Markovian evolution 

have been explored in [650] [651]. 

For certain correlated initial states, non-CP maps may be physically relevant, but 

they found additional restrictions were needed [652]. The authors state: 

 

 See the print edition of The Quantum Measurement Problem for quotation. 
 

It has also been shown in [653] that there exist linear density maps that describe the 

evolution of a subsystem that is initially entangled with another system for which the 

linear map is not completely positive. Hence it appears that certain relevant physical 

open system maps can be linear, and may not be CP. 

A point argued in [647] is that the general form of quantum state evolution, 

whether unitary or measurement, is completely positive. The argument is essentially 

that if one allows entangled states on ℋ𝐴 ⨂ ℋ𝐵 and a non-CP local operation on 𝐵, 

that there would be cases for which the overall state would be not positive, which 

would contradict the basic tenants of positive probabilities upon which von Neumann 

theory, as well as probability theory, is predicated. This is true, if all states are allowed 

to occur in a Hilbert space.  

On the other hand, a characteristic of measurement is that macroscopic 

superpositions are not always seen. The measurement problem requires one to explain 

why the entangled states that are predicted under unitary evolution are not occurring. 

It may be a valid induction that entangled states can occur, but at least from what has 

been established at this point, it is not a valid deduction based on the evidence of the 

characteristics of the problem for which entangled superpositions are not seen. One 

might argue that such states could occur, but that they are impeded by some physical 

reason such as Penrose’s gravitational reduction and such impedance reduces such 



 

 

states to a product state. That is certainly one possibility. Another logical possibility 

that must be considered in a deductive investigation is that certain states can never 

occur. And it has been shown in [648] that if one assumes linear density operator 

evolution and that density matrices are mapped one-to-one and onto density matrices, 

then the resulting evolution is unitary. Hence it seems the inability of certain states to 

ever occur is a feature that is directly related to von Neumann measurement and the 

existence of a process that is different from unitary evolution. Due to the fact that 

measurement is not a one-to-one and onto process, certain states are excluded from 

occurring by the formalism itself, and hence the issue of whether or not all operations 

are CP, particularly those in the process of measurement, does not appear to have been 

properly addressed, as of yet. 

There still exist some questions in the literature as noted in [652]: 

 

Despite much recent attention and progress, the situation for more 

general initial conditions (e.g., for families of thermal states) is not 

well understood. Is completely positivity indispensable? Is there a 

consistent framework for the dynamics arising from general initial 

conditions?  
 

It had been claimed [654] that the equation for wave function collapse is necessarily 

CP under the assumption of linear density operator and Markov evolution. If this were 

the case, then CP would certainly form a natural addition to linear density operator 

and the Lindblad CP form could be taken as a deductive assumption for the general 

form of quantum evolution. However, the claim in [654] was shown by 

counterexample to be false by Diosi [655] who exhibited a Markov process that is not 

CP. 

As in the case of linear density operator, the case of CP evolution at this time does 

appear to be a compelling argument when restricted to theories in which all 

superposition states can occur. Until such time as it is ruled out, CP maps appear to be 

a potential candidate to describe quantum evolution in the case of theories that strictly 

rule out certain superposition states from physically ever occurring. In the case of the 

latter, it is known that there are cases where superpositions of certain eigenstates never 

occur, and the imposition of superselection rules is required. For example, pure 

superposition states of different charge are prohibited. In such cases, the possibility of 

non-CP maps should also be considered until such time as the matter is more 

thoroughly understood, and before reaching firm conclusions in a deductive 

investigation that could very well rule out a non-CP theory that could turn out to be 

the correct theory.  

  


	1 Wave Particle Duality and Schrödinger’s Cat
	Wave Properties of Light
	Introduction
	Photoelectric Effect
	Einstein’s Ghost Field

	Wave Particle Duality
	Schrödinger’s Equation
	Born’s Rule
	Matter versus Light
	Heisenberg’s Uncertainty Relationships

	Bohr and Complementarity
	Schrödinger’s Cat

	2 Characteristics of Unitary Evolution
	Introduction
	Interference
	Reversibility
	Entanglement
	Entanglement via Mirror Recoil

	Schrödinger’s Cat Without Limits
	Mona Lisa

	Evolution in the Eigenstate Basis
	Unitary Interference Operations
	Mathematics of Quantum Entanglement
	Theorems of Wigner and Stone
	Quantum Evolution with Subsystem Interactions
	Entropy of Quantum States
	Subsystem Entropies and the Araki-Lieb Inequality
	Two Polarization-Entangled Photons
	Information Flow in Entangled Composite Systems
	Entanglement by SPDC
	Exercises

	3 Interpretation or Existence of a Non-Unitary Process
	Introduction
	Hamiltonian Description
	Bell’s Inequality
	Assumptions
	Hypothesis Tests
	Schmidt Decomposition
	Geometry of Entanglement
	Geometry of the Measurement Problem
	Specification of Operations
	Specific Device-Particle Modeling

	Interpretation or Existence
	Extension to Mixed States
	Partial Density Matrices
	Specific Device-Particle Modeling

	Entanglement in the Measurement Problem
	Exercises

	4 Discerning Approaches
	The Incompleteness of Quantum Mechanics
	Definition of the Measurement Problem
	Requirements on Solutions
	Resolution of the Quantum Measurement Problem
	Philosophy and the Measurement Problem
	Assume Measurement has Occurred
	Necessary and Sufficient Conditions for Measurement
	For All Practical Purposes, FAPP

	External Orthogonalization
	Interpretations of Quantum Mechanics
	Copenhagen Interpretation
	Rosenfeld’s Solution
	External Orthogonalization and Rosenfeld
	External Orthogonalization and UMDT

	Environmental Decoherence
	Decoherence by Stipulation

	Church of the Higher Hilbert Space
	Schrödinger Unitary
	Non-Schrödinger Unitary

	Consistent Histories
	Many-Worlds Interpretation
	Everett’s MWI and Born’s Rule
	Analysis of MWI with UMDT
	Decoherence

	Bohm’s Theory
	Master Equations for Deterministic Evolution
	Superdeterminism
	Transactional Interpretation
	Other Interpretations
	Humpty Dumpty
	Macroscopic Interaction
	Quantum-Bayesian or QBism


	Properties and their Relation to Measurement
	Quantum Jumps
	Discerning Quantum Jumps

	Wave Function Reduction
	Discerning Wave Function Reduction

	Nondeterminism
	Discerning Nondeterminism

	Irreversibility and Entropy
	Discerning Irreversibility and Entropy

	Amplification
	Discerning Amplification

	Localization
	Discerning Localization

	Loss of Coherence
	Discerning Loss of Coherence

	Particle Absorption
	Discerning Particle Absorption

	The Zeno Effect
	Discerning the Zeno Effect

	Summary

	Physical Measurement Theories
	Consciousness
	Sufficiency of Consciousness
	The Contrapositive
	Threshold vs. Non-Threshold Theory
	Mind-Body Dualism

	Ghirardi, Rimini, and Weber (GRW)
	GRW as a POVM
	Born Rule
	Criticisms of GRW
	Violation of Energy and Momentum Conservation Laws
	No-Tail Energy Conservation Problems
	Causality and Hegerfeldt’s Theorem
	Tail problems
	Complete Reversibility

	Validating GRW

	Stochastic Differential Equations
	State Reduction

	Master Equations for Nondeterministic Evolution
	Continuous Spontaneous Localization (CSL)
	Criticisms of CSL

	Mass Threshold Theory
	Gravitationally Induced Collapse
	Quantum Mechanics with Fields

	Charge Threshold Theory
	Impossibility of Detecting Coherence

	Philosophers and the Measurement Problem
	Proof by Pejorative
	Summary

	Rosenfeld’s Methodology
	Exercises

	5 Historical Perspective
	Introduction
	Measure for Measure
	Dividing the World
	Back-Action from the World
	Complementarity in the World

	The Rise of Classicality
	The Clockwork Universe
	Laplace’s Demon
	Backstory to Atomism
	Atomism versus Continuum
	Atomism Prevails
	Einstein’s Space-Time

	The Fall of Classicality
	Irreversibility versus Demon
	Is Irreversibility Intrinsic?
	Demon versus Photon
	Backstory to Wave-Particle Duality
	Planck’s Fortunate Guess
	Bohr’s Correspondence Principle
	Born’s Statistical Interpretation
	Einstein’s Quandary
	Einstein’s Ghost Field
	Bohr-Einstein Debates Begin
	BKS Showdown over Quanta
	Measure and Meaning
	Whole Photon or Nothing
	Exact Conservation with Whole Photon or Nothing

	The Rise of the Measurement Problem
	The Characteristic Trait
	Johnny Goes to Göttingen
	Einstein und Bohr Verschränkten

	Free Will, Consciousness, and Soul
	Clockwork versus Free Will
	Consciousness and Free Will
	Search for the Soul, Mind and Consciousness

	Scientific Methodology
	Deductive versus Inductive Thought
	Radical Conservatism
	Bohr’s Atomic Model
	Backstory to Deductive Thought
	The World as a Collection of Facts
	Newton’s Hypotheses Non Fingo
	Deductive Reasoning Prevails
	Red Flags for Deduction

	From EPR to the Present
	The Quantum Triumvirate
	Quantum Demons
	Alone in a Dark Wood


	Appendix
	Details from The Fall of Classicality
	Issues in Bohr’s Complementarity
	Details from The Quantum Triumvirate
	Kraus Operators
	Quantum Trajectories and Jumps

	6 Scientific Approach
	Introduction
	Nexus of Knowledge
	Methodology of Deduction
	Summary
	Personality Traits
	The Backlash of Society
	Exercises

	7 Closed and Open System Approaches
	Introduction
	Schrödinger’s Equation
	Nonlinear Wave Function Theory
	Non-Linear Wave Function, Linear Density Operator Evolution
	Completely Positive Maps

	Theory and Classification of Measurement Operations
	Introduction
	Sharp Measurement
	Informationally Complete Measurement
	Repeatable Measurement
	Minimally Disturbing Measurement
	Back-Action Evading Measurement
	Non-Disturbing Measurement
	Non-Demolition Measurement
	Indirect Measurement
	Weak Measurement
	Protective Measurement
	Non-Local Measurement

	Closed System Approaches
	Considerations in Closed Systems

	Open System Approaches
	Considerations in Open Systems

	Exercises

	8 Conclusions
	Current Situation
	Future Work
	Summary

	9  Abbreviations
	10 Bibliography

